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ABSTRACT A recently proposed model for 1/f(w™") noise in nerve membranes (Clay
and Schlesinger, 1976; Lundstrém and McQueen, 1974) is shown to be mathematically
inconsistent in several respects. A self-consistent model based on similar membrane
lipid orientation fluctuation effects is proposed.
Noise with a power spectrum S(w) = ="' has been repeatedly observed in nerve mem-
branes. (See Verveen and DeFelice, 1974, for a summary of the experimental data and
a reference list.) Recently, Lundstrém and McQueen (1974) have proposed a model for
this noise based on membrane conductance fluctuations caused by fluctuations in the
direction of the lipid hydrocarbons of the membrane bilayer. Clay and Schlesinger
(1976) have modified this model by proposing that these same fluctuations give rise to
o~ ! noise in the absence of membrane current due to the stochastic nature of ion trans-
port through the membrane. (These papers are henceforth referred to as LM and CS.)

However, one may demonstrate that the derivations of the w~' behavior given by
LM and CS are erroneous and that this model predicts noise having a steeper w de-
pendence. One may also demonstrate that the model of CS does not predict w=" noise
in the absence of nonequilibrium currents even if the membrane resistance fluctuations
are of the w ™! type.

LM and CS propose that the local membrane conductance g(r) is linearly related to
fluctuations in the direction of the lipid hydrocarbon chains 7 (r) (the “director”’) by an
equation dg(r) = B-6n(r). 8#A(r) is assumed to obey a diffusion equation. It is fur-
ther assumed that the fluctuations in 71(r) exhibit instantaneous spatial correlation due
to a relative suppression of short-wavelength fluctuations: < | dA(q) | %> « 1/g2
where q is the wavevector of a Fourier component of the fluctuations (Martin et al.,
1972).

Eq. 2 of LM contains an error. The correct equation relating the frequency spectrum
of fluctuations to the spatial Fourier components is

) «f f | /(@)% < 5g(q, 7) 5g(q,0) > e dr d?q, (1)
q =0
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where f(q) is the Fourier transform of f(r), the spatial weighting factor for fluctua-
tions. In the frequently encountered case of diffusive fluctuations in variables without
instantaneous spatial correlations (e.g., heat, carrier concentration), this becomes

M»g/umvw7W+Dﬂmw, 2)

which appears, along with discussions of its derivation, in Richardson (1950) (Eq. 3.19)
and Van Vliet and Fassett (1965) (Eq. 272a). For the case of spatially correlated func-
tions a factor < | dg(q) | 2> must be included. Lundstrom et al. (1973) include this
factor (as < | P,(¢) | 2> ) in their equation 6; however, both this paper and LM sim-
ply leave out | f(q) | 2. One of these factors, < | dg(q) | 2>, gives the spectral distri-
bution of the underlying fluctuations. The other factor, | f(q) | 2, gives the sensitivity
of the observed variable to different Fourier components of the fluctuations. Eq. 7 of
CS is correct, but Eq. 9 is not, since an unjustified (r — r’) has been inserted. This er-
ror is equivalent to neglecting | f(q) | 2. Except in cases where f(r) becomes arbitrar-
ily large in the region of singularities (Weissman, 1975),! f(q) falls off sufficiently rap-
idly for large ¢ to produce S(w) « w™> where @ > 3/2 for spatially uncorrelated
fluctuations (Van Vliet and Fassett, 1965). The model of LM and CS uses spatially
correlated fluctuations with relatively little (« 1/g%) short-wavelength, high frequency
components. One may easily verify that this model actually predicts S(w) x w2,

Eq. 2 of LM is correct in the special case in which | f(q) | > does not depend on q.
One may obtain such a result by assuming

fm=2mw—n» (3)

andthat < 8;-8,> = 0 fori = j. In effect, the w™' law is then a local phenomenon,
requiring a lack of correlation between dg(r) and g (r') forr = r’. Although such an
assumption contradicts the explicit model of LM and CS, it does lead to their result—
that S(w) x w™'if < |87(q)|2> « 1/¢q%. The possibility of obtaining a q inde-
pendent | f(q) | 2 depends critically on two pecularities of the model. One is that the
conductance occurs in localized channels (hence the delta functions). The other is that
the fluctuating variable is a vector which allows randomly oriented channels to show
no net cross-correlation in their fluctuations.

The interpretation of CS, however, (*‘a single channel does not produce 1/ f noise in
this model. In Eq. 9 we must integrate over the membrane patch to obtain the 1/ f be-
havior.”) is exactly opposite to the actual implications of the model. If one does not
assume < 8;-8; > = 0 fori = j, the spectral shape will be very sensitive to such fac-
tors as the size and shape of the membrane patch as well as any correlations in posi-
tions of the channels. For example, if all the 8, are equal, for w < Dc (D is the fluctua-
tion diffusion coefficient, ¢ is the channel concentration in centimeters-2) the spectrum

'Weissman, M. B. 1976. Dissertation, University of California, San Diego. In preparation.
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should be close to that predicted for continuous conductivity, that is S(w) « w2,

Using the estimates of D (~ 10-7 cm?.s~"yand ¢ (~ 10° cm~2) from LM and CS, we
find that over several decades of frequency observed in a typical experiment, the noise
would probably be quite different from w™! if such effects occurred. Although the
possibility of some distribution of correlated channel orientations and positions pro-
ducing ™! noise cannot be ruled out, by far the simplest interpretation within this
framework is that the orientations are uncorrelated, so that regardless of relative posi-
tions the w~! spectra of each channel’s noise simply add to give the membrane spec-
trum.

The physical meaning of this model is then that the membrane contains discrete
channels whose conductivity depends on the local hydrocarbon orientation. Each
channel has a preferred direction 8; but the membrane as a whole has no preferred
direction 8. It is necessary that each channel have a rotational diffusion time longer
than the inverse of the lowest frequency for which the w=! law holds. Otherwise, the
time dependence of 8, would lead to a loss of long-time correlation, causing a flattening
out of S(w) forw < 77!, the inverse of the rotational diffusion time. In other words,
each of the channels in which the w~! noise is produced must be a fairly stable con-
stituent of the membrane, probably held in place by a protein network. This revised
model remains, of course, highly speculative since, although none of the details are ob-
viously implausible, none have been demonstrated experimentally.

The assertion of LM and CS that < |é/(q)|> > « 1/4%, while reasonable, is not
justified by their derivation, which starts from the proportionality of a term in the free
energy density to |V -7(r) | 2. This term limits the magnitude only of longitudinal
waves, not shear waves. Some other term proportional to | V x a(r) | 2 must be in-
voked to obtain < | d(q) | 2 > « 1/4%. An obvious way around this difficulty would
be to assume dg(r) « V - a(r), but such an assumption would not lead to w~' noise in
any simple way.

CS propose that the same mechanism that gives w~' noise when a current is flowing
gives w~! noise in the absence of current by modulating the fluctuations § N in number
of ions passing through each channel. In deriving this result, the authors neglect the
time dependence of 8 N. However they state that the correlation time for 8 N is much
less than the inverse of the highest frequency for which the w~' law holds. Thus the
frequency spectrum of the fluctuations 6 NV is flat over the frequency range of interest.
The frequency spectrum of § ¥V modulated by the conductance fluctuations is the con-
volution of the two spectra, which does not resemble w='.

In fact, CS attempt to derive the w ™' noise as an equilibrjym phenomenon. Equilib-
rium noise (Johnson or Nyquist noise) is however determipgd by the fluctuation-dissi-
pation theorem (e.g., Reif, 1965), with fluctuations in parameters such as resistance giv-
ing only small second-order corrections. That is, modulation of the Johnson noise by
resistance fluctuations gives noise smaller than Johnson noise, which is itself small
compared with the observed 1/ f noise (Verveen and De Felice, 1974). Although recent
AC impedance measurements on nerve membranes show that ‘the impedance is fre-
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quency dependent (Fishman et al., 1976), this dependence would not give an w~!-like
Johnson spectrum nor an w~!-like convolution with ! resistance fluctuations.

Noise with a roughtly w~! spectrum is a familiar problem in many electrical (and
other) systems (Verveen and DeFelice, 1974) so that it may not be directly related to
the membrane. However, if the explanation for the *“‘zero-current” noise is to be found
in the w™! resistance fluctuations of the nerve membrane, the system must be out of
equilibrium. There must be some gradient in the potential of some ion across the mem-
brane. If careful experiments demonstrate that some of the w~' noise persists in the
absence of electrochemical gradients of all types, then an explanation other than mem-
brane resistance fluctuations will be needed.

Real progress in understanding the mechanism of conduction in nerve membranes
will require further experimental work both on nerves and on lipid bilayers. In particu-
lar, a set of experiments designed to demonstrate the dependence, if any, of the noise
spectral shape on the geometry of the observed patch could greatly narrow the class of
acceptable models. '
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